Dosimetry with ionization chambers in clinical ion beams for radiation therapy requires correction for recombination effects. However, common radiation protocols discriminate between initial and general recombination and provide no universal correction method for the presence of both recombination types in ion beams of charged particles heavier than protons. Here, we present the open source code IonTracks, where the combined initial and general recombination effects in principle can be predicted for any ion beam with arbitrary particle-energy spectrum and temporal structure. IonTracks uses track structure theory to distribute the charge carriers in ion tracks. The charge carrier movements are governed by a pair of coupled differential equations, based on fundamental physical properties as charge carrier drift, diffusion, and recombination, which are solved numerically while the initial and general charge carrier recombination is computed.
I. INTRODUCTION
Several chemical and solid-state methods have been developed in the past decades for measuring radiation dose, but ionization chamber dosimetry retains its position as the most common and often most convenient and precise method to determine the absorbed dose in clinical beams. Consequently, dosimetry protocols, such as that from the International Atomic Energy Agency (TRS-398) [1] , recommend air-filled ionization chambers for reference dosimetry of therapeutic photon, electron, proton, and ion beams.
The charge released in the ionization chamber is related to the absorbed dose. However, the charge collected at the electrodes is less than the charge released in the ionization chamber, since some ion pairs are lost due to recombination. Several theories for correction of the recombination losses have been proposed in the past: Jaffé [2, 3] investigated the initial recombination, that is, recombination of charge carriers released within a single ion track, in gas filled ionization chambers exposed to ion beams. Jaffé deduced a Gaussian shaped charge carrier distribution radial to the primary track which he applied throughout his work. By taking the mobility of the charge carriers and their geometric distribution in the electrical field into account, Jaffé derived an expression for the ionic collection efficiency, both for the ion tracks parallel and non-parallel to the electric field in the ionization chamber.
Jaffé's work was later extended by Kramers [4] for initial recombination in liquid ionization chambers, where charge carrier mobilities are less than those in gas (air). Additionally, since the cavity in the ionization chamber is in condensed phase rather than in gaseous phase, a higher charge carrier density is established. The reduced charge carrier mobilities and higher charge carrier density lead to a dramatic increase of recombination effects [5] .
Boag [6] investigated the recombination in pulsed ion beams, and later developed an extension to the work with Hochhäuser and Balk [7] by including a free-electron component. The free-electron component represents the fraction of electrons which escape attachment to molecules, which else would form negative ions. In Thomson's work on conduction of electricity through gases [8] , he formulated the equations that form the basis for general (volume) recombination correction, that is, recombination of charge carriers from different ion tracks in continuous beams. Mie [9] presented approximate numerical solutions to Thomson's theory on general recombination. These solutions were then applied by Greening [10] to formulate the current formalism for general recombination in continuous beams. The initial recombination in electron or photon beams is normally neglected in clinical radiotherapy which leaves only general recombination to be corrected for. The situation is different in ion beams heavier than protons, where both initial and general recombination may occur.
The TRS-398 protocol provides recommendations for experimental determination of the recombination correction factor for either initial or general recombination in ion beams heavier than protons, and recommends the two voltage method [11] to be applied to correct for general recombination in pulsed beams. If the general recombination is negligible, it provides a linear relation to determine the recombination correction factor. Also this linear relation assumes a 1/V dependency. Palmans et al. [12] pointed out that the two voltage method for pulsed beams, as described in TRS-398, overestimates the recombination correction with a factor up to 2% in proton beams. Furthermore, TRS-398 is only explicit for pulsed/scanning beams of ions heavier than protons.
All heavy ion facilities are synchrotron based whereas only few proton facilities use this technology. The cycle frequency for synchrotrons range from approximately 0.1 Hz-2 Hz and the beam itself is bunched with a frequency corresponding to the radio-frequency cavity (order of 100 MHz). In other words, the fluence is both too slow and too fast to be regarded as a pulsed beam in the context of dosimetry. However, development of faster and stronger accelerators such as Fixed-Field Alternating Gradient (FFAG) [13] and laser induced ion acceleration [14] may require special attention to correctly estimate general recombination.
Even more clinically relevant is intensity modulated particle therapy, where scanning beams may deliver very heterogeneous dose distributions both in space and in particular the time domain. General recombination in proton and heavier ion beams may therefore vary depending on the specific treatment plan delivered. High dose-rates with non-negligible general recombination may be seen along the core of the pencil beam when delivering large fields. These large fields require high beam current in order to complete field delivery in short time. Complex multi-field optimized treatment plan validation may consequently require careful assessment of recombination effects as a function of time and position, already stressed by Palmans et al. [15] for photon fields used in Tomotherapy.
2D-ionization chamber arrays are typically employed in clinical settings for complex field validation such as the IBA MatriXX. However, this particular chamber records at a fixed voltage set by the manufacturer [16] , thus it does not provide a possibility to verify the amount of general recombination. Finally, polarity effects in micro ionization chambers [17] may require detailed simulations of the recombination effects in complicated electric field configurations.
Here, the open source software IonTracks for calculation of recombination losses in arbitrary ion beams is presented. IonTracks uses amorphous track structure theory and basic physics to evolve the charge carriers liberated by an incident particle as a function of time, and in principle any beam time structure can be implemented and followed. IonTracks is able to discriminate between initial and general recombination, even in a pulsed mode where both recombination types cannot be separated due to their common 1/V dependence.
Recombination is a process involving low energy charged particles and cannot currently be corrected satisfactorily for by Monte Carlo calculations. This is due to uncertainties in the cross sections at these low energies, motivating the application of amorphous track structure theory in IonTracks, which is a more phenomenological approach [18, 19] . IonTracks allows an inclusion of a free-electron component to model the effect on recombination of electrons that do not attach to molecules to form negative ions.
The theoretical aspects are introduced in the following section, where the track structure theory and the movement of charge carriers are outlined. Subsequently, the boundary conditions and methods to solve the partial differential equations, which govern the charge carrier movements, are investigated and discussed. IonTracks is validated against Jaffé's theory for initial recombination, the two voltage method, and finally the inclusion of a free-electron component in IonTracks is compared to a similar extension to the two voltage method.
II. THEORY

A. Collection efficiency
The Jaffé theory was experimentally validated by Kanai et al. [20] for ions heavier than protons. Track parameters based on [20] for three ions heavier than hydrogen are given in table I, which mainly are used to obtain a substantial amount of initial recombination and to compare IonTracks to Jaffé's theory. The collection efficiency f in IonTracks is calculated as
where N collected is the number of ions collected at the electrodes and N released is the number of released (initialised) ions.
B. The charge carrier distribution in the track of a charged particle
The linear charge carrier density N 0 , the number of charge carriers per unit length, along the path of the charged particle depends on the linear energy transfer (LET) and the mean energy expended in air per formed ion pair W , and is given as Track radius, b µm 50 20 10.5 10
The linear ionization density is assumed to be constant throughout the ionization chamber [22] . Jaffé modelled the radial charge carrier density n 0 (r) in the track of a charged particle as
where b is the Gaussian track radius and r is the distance from the centre of the track. Even if all the liberated electrons form negative ions, the distance they move before attachment yields an overall larger track radius for the negative ions, i.e. one probably would have to distinguish between positive and negative ion track radii b ± with b − > b + . Consequently, the larger track radius for negative ions leads to a slight decrease in the ionic recombination which however is not the objective of this work.
Instead, an average of the two radii is used throughout the work although an actual implementation of different radii in IonTracks is straight forward.
IonTracks uses the Gaussian charge carrier distribution in the present work, although it should be noted that the algorithm is not limited to any particular type of charge carrier distribution. Kaiser et al. [23] showed that the Gaussian charge carrier distribution matches recombination experiments better than e.g. the Scholz-Kraft parametrization [24] . The total number of charge carriers in an ion track is calculated as
where ℓ is the length of the particle path between the electrodes.
C. Charge carrier movements
The particle current density J ± , in units of charge carriers per unit area per unit time, of both positive and negative ions, consists of contributions from the drift caused by the electric field E and the diffusion caused by the concentration gradient and is given as
where n ± is the charge carrier density, µ ± the mobility, and D ± the diffusion constant for positive and negative ions respectively. One may from the equation of continuity find
where α is the recombination constant and the right-hand side models the recombination of ions [25] . Eq. (6) is traditionally rewritten as
where µ ± E · ∇n ± is in units of charge carriers per unit volume per unit time and µ ± n ± ∇ · E is the change in ion drift velocity caused by space charge screening effects. This effect screens the released charge carriers from the external electric field, and results in a change of the observed charge carrier's drift velocity towards the electrode of opposite polarity. The divergence of the electric field is calculated by applying the Maxwell-Gauss equation
where q is the charge of an electron and ǫ 0 is the permittivity. Consequently, more charge carriers will recombine before they reach the electrodes. The space charge screening term is usually neglected along with initial recombination for low-LET particles such as protons. However, the present inclusion of dense heavy ion tracks increases the space charge screening effect which therefore is included for a more precise study of the recombination process.
The non-linear partial differential equations in eq. (7) govern the movements of the charge carriers. The equations do not have analytical solutions but will be approximately solved by an explicit numeric time integration using the Lax-Wendroff technique [26] [27] [28] . In the case of a free-electron component, the free electrons are treated as negative charge carriers, but with different mobility and diffusion constant from those of the negative ions.
D. The Jaffé theory
When the ion track is parallel to the electric field, the Jaffé theory for initial recombination [2, 3, 30] gives a Table II . The positive and negative ion parameters and the recombination constant used for the calculations. The electron drift velocity in air is tabulated for several electric field strengths and pressures in [29] .
Constant
Symbol [20] collection efficiency as
where Ei(x) is the exponential integral, D is the averaged positive and negative diffusion constant, similarly with µ for the positive and negative mobilities, and E is the electric field strength. The collection efficiency f θ , for an ion track rotated an angle θ to the electric field, is approximated as [2, 3] 
with is the Hankel function of first kind and order zero.
E. The free-electron component
Immediately after a charged particle has ionized the medium between the electrodes there will be no negative ions. The negative ions are subsequently formed as the free electrons diffuse and drift and attach to oxygen molecules. The fraction p of all electrons that remain free from attachment to molecules is [8] 
where a, in units of inverse length, is a coefficient depending on the gas parameters and the strength of the electric field and d is the electrode gap. For the present simulations, the initial concentration of negative ions n − and electrons n e as a function of the distance from the anode (z = 0) to the cathode (z = d) is given by [7] as
when an ion track is parallel to the electric field. Thus, the simulation of electron attachment is omitted and an initial homogeneous electron distribution is assumed. This assumption leads to an overestimation of the recombination for p < 1 as electrons closer to the electrode of opposite sign has the lowest possibility of interaction prior to collection. However, the electron distribution serves as an upper limit for the recombination of electrons with positive ions and thereby be used to test whether the recombination of electrons with positive ions is negligible as anticipated. Boag et al. [7] proposed three different models to include the free-electron component in eq. (13) into the two voltage method. The results of the three proposed models are:
Model 2:
Model 3:
where V is the polarisation voltage of the chamber.
III. METHODS
A. Implementation
The positive and negative ions are distributed as in eq. (3) unless a free-electron component is present in which case the negative ions and electrons are distributed as in eq. (13) . The recombination of charge carriers of opposite sign, resulting in a loss of charge, is counted continuously throughout the simulation. The present work deals mainly with pulsed radiation, where the pulse duration is short compared to the time it takes to collect the charge carriers, as given in [7] , and the ionization of the medium between the electrodes by a charged particle is modelled as instantaneous. The collection of charge carriers at the electrode of same sign due to diffusion is included in IonTracks. However, this effect is negligible since the charge carrier gradient in eq. (7) only is directly opposite to the electric field if the particle trajectories are parallel to the electrodes. The initial setup is sketched in figure 1(a) where an ion has ionized the medium between the electrodes at an angle θ ∈ [0, π/2], relative to the electric field, in the solution domain defined by the voxelized volume 0 ≤ x ≤ L x , 0 ≤ y ≤ L y , and 0 ≤ z ≤ L z . The spatial dimensions L x and L y are chosen large enough to ensure that no significant amount of charge carriers initialised in the array can drift out of the array in a direction perpendicular to the electric field. L z corresponds to the length of the electrode gap. The charge carriers are removed from the array as they reach either of the electrodes (z = 0 and z = L z ) corresponding to charge collection. Thus, the boundary conditions are
for all times. The initial charge carrier distributions are evolved in time and space on the defined solution domain, as governed by eq. (7), by applying the spatial and temporal derivatives in the appendix.
The explicit Lax-Wendroff scheme, where a subsequent time step is directly evaluated at the current time step, is in this case computationally faster than an implicit scheme as the Crank-Nicolson [31] , where a subsequent time step is found by solving an equation. The superiority in speed is advantageous when dealing with a huge number of computations as in the present case.
For a direct comparison with the Jaffé theory of recombination [2, 3] , a single ion track is initialised in the array as given by eq. (3). The ion track is either initialised parallel or rotated an angle θ ∈ [0, π/2] to the electric field. The algorithm is implemented in Python while computationally demanding routines are converted to the C based Cython using [32] which reduces the computation time with orders of magnitude. The simulation of a single ion track with a space gap of 2 mm takes less than a minute single threaded on a laptop with an Intel i5 processor, 1.7 GHz, and 8 GB RAM whereas simulations of pulsed or continuous beams require several minutes.
Implementation of the free-electron models.
The electron drift velocity is tabulated in [29] for different electric field strengths. Due to a lack of experimentally determined values of the diffusion constant D e for electrons, the values are estimated from the Einstein relation
where µ e is the mobility of electrons calculated from the drift velocity and corresponding electric field, k B is Boltzmann's constant, T the absolute temperature, and q the electric charge. The algorithm is modified slightly in order to include electron movements:
1. The time step ∆t is first computed to be in accordance with von Neumann's criterion (see appendix) for the electrons and the simulation is started. During the time it takes for the electrons to be completely collected, the ions will not move significantly and basically no charge carriers will recombine.
2. When the electrons have been collected, the time step ∆t is re-calculated for the positive and negative ions and the simulation is continued. The new time step is orders of magnitudes larger than that used for the electron movements.
Generally, the simulation is stopped as the charge carrier distributions of opposite sign have been dragged completely apart.
Distribution of ion tracks
In IonTracks, a pulsed beam may be considered to be either instantaneous or to consist of short continuous beam segments of any shape. The ion tracks in such a continuous beam segment are stochastic on the microscopic time scale, and Poisson distributed with an expectation value given by the fluence-rateΦ. The fluencerate is modelled as the product of a spatial component, the fluence Φ, and a time-dependent component g(t) (in units of s −1 ), i.e.Φ = Φ g(t). The surface area of a simulated ionization chamber is typically of the order of L x × L y ≃ (0.25 mm)
2 since a simulation of the entire chamber is too computationally demanding with our current resources. The ionization chamber is assumed to be uniformly irradiated which allows the results obtained in the chosen section of the ionization chamber to be transferred to the entire chamber. The function g(t) serves as the mean value for a Poission distribution where the time interval between two consecutive initializations of ion tracks is sampled from. Thus,Φ(t) and g(t) are both non-stochastic expectation values used for sampling stochastic ion tracks deposited in the simulation. The ion tracks are distributed uniformly inside a circle with radius r min in the xy-plane as sketched in figure 1(b) . The positions of the track centres are sampled uniformly inside the circle with radius r min corresponding to a uniform irradiation. A larger radius r max defines the electrode widths L x = L y = 2r max . The outer radius ensures that no ions are lost due to diffusion in a direction perpendicular to the electric field before they have been collected at the electrodes.
An example of the simulation of a time segment of a continuous beam is sketched in figure 1(b) where three ion tracks have been initialised at different times and at random spatial coordinates. The charge carriers in the track initialised at time t = 0 have had time to diffuse further than those in the track initialised at time t 1 , and general recombination occurs in the overlapping region between the two tracks. Conversely, only initial recombination occurs in the ion track initialised at time t 2 .
B. Stability and accuracy
The numerical precision of the algorithm is investigated by improving the grid resolution until a satisfactory convergence is obtained, based on the two requirements below: (ii) The collection efficiency in eq.
(1) of a given initial configuration must converge to the same result if the simulation is repeated with the exact same initial and boundary conditions and ion track distributions. The collection efficiency as a function of decreasing distance between two neighbouring voxels is investigated in order to find a suitable grid spacing.
The two cases are studied in figure 2 for fixed array widths L x = L y ≃ 10b using the neon ion track parameters in table I. Some charge carriers are lost in the array as the Gaussian distribution is truncated at some point, hence I 0 /N 0 < 1 as seen in figure 2(a) . At m x = m y = 200, roughly 2% of the charge carriers are not initialised in the array but an inspection of the charge carrier distribution revealed that the majority of the lost charge carriers were missing at the Gaussian tails. Since recombination is a process that depends on the product of the positive and negative charge carrier densities, the effect of the lacking charge carriers at the Gaussian tails thus is negligible. The collection efficiency calculated with IonTracks converges to the same value if the simulation is repeated with the same initial and boundary conditions, and henceforth a grid spacing corresponding to ∆x = ∆y = ∆z = L x /m x = b/20 is applied. 
IV. RESULTS AND DISCUSSION
A. Comparison with the Jaffé theory
IonTracks is used to calculate the collection efficiency for the three heavy ion tracks in table I at different electric field strengths. The simulation parameters are listed in table II and the electrode spacing was 2 mm. The case of ion tracks parallel to the electric field is shown in figure 3(a) where an excellent agreement with Jaffé's theory eq. (8) is seen for all three types of heavy ion tracks, i.e. different LET's and corresponding track radii. The situation of the 60 MeV/u neon ion track rotated by an angle θ ∈ [π/6, π/2] to the electric field is shown in figure 3(b) . Here, IonTracks is in accordance with Jaffé's theory as well, but the discrepancy is increasing with decreasing angle, which is attributed to the fact that the approximated collection efficiency in eq. (10) only is valid for large angles. The overall agreement between Jaffé's theory and IonTracks implies that the algorithm correctly calculates the collection efficiency for initial recombination.
B. Comparison with Boag's free-electron models in pulsed beams
The collection efficiencies in a 100 MeV proton beam at different electric field strengths were calculated with IonTracks for two different doses D 2 > D 1 , where the entire dose was delivered in an instantaneous pulse. Calculations with IonTracks confirm the negligible amount of initial recombination (< 0.1%) due to the low LET of a 100 MeV proton. The results are compared to those from Boag's free-electron models 1, 2, and 3 in figure 4 (a) for p = 0, for which all three models converge to the two voltage method f = u −1 ln(1 + u). The convincing accordance between theory and IonTracks implies that the simulation of general recombination works correctly. Boag's models for negative charge carrier distributions are in figure 4(b) compared to IonTracks for p = 0.1 and p = 0.5. For p = 0.1 model 1 seems to be the most appropriate model and all models converge toward the results obtained with IonTracks as the electric field is increased, i.e. the recombination is decreased. The recombination between the free electrons and positive ions in IonTracks was found to be completely vanishing (< 10 ppm) and the recombination of charge carriers is only due to the recombination between positive and negative ions.
The negative charge carrier distributions in the three Boag models all differ from the distribution they have in IonTracks, i.e. eq. (13) , and the results in figure 4(b) consequently deviate from unity. For low electric fields this discrepancy is increased. For larger fractions of p, model 3 fits the actual distribution of negative charge carriers best, which also is reflected in figure 4(b) for p = 0.5. This agrees with the conclusions obtained by Boag et al. in [7] . 
V. CONCLUSIONS
IonTracks is numerically stable and in excellent agreement with the Jaffé theory for initial recombination. Jaffé's theory has been experimentally validated [20, 30] , which leads to the conclusion that IonTracks correctly simulates the initial recombination in heavy ion tracks. Similarly, the simulation of a 100 MeV pulsed proton beam permits a comparison between IonTracks and the two voltage method at two doses. The good agreement at both doses leads to the conclusion that also general recombination is simulated correctly. Furthermore, three models to include a free-electron component into the two voltage method were investigated, where the best agreement was found between IonTracks and model 3, which is in accordance with the conclusion in [7] . Space charge screening of the collection field is included in IonTracks. The agreement with the two voltage method, which does not take space charge into account, implies that the space charge screening term can be neglected in low-LET radiation such as protons, also concluded by [7, 8] for photons.
IonTracks currently is extended to include particle energy spectra from FLUKA [33] and SHIELD-HIT12A [34] in order to simulate the recombination in particle-energy spectra as e.g. found in degraded or mixed ion beams. Furthermore, the algorithm can quantify for what heavy charged particle fluences (or fluence-rates) the recombination makes a transition from being solely initial to a non-linear combination of initial and general recombination, that is, the transition where track overlap is nonnegligible anymore. Given the dose-rate and particleenergy spectrum, IonTracks has the ability to quickly calculate recombination correction factor in ion beams.
